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Stress distribution in discontinuous fibres

in a model composite
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In order to calculate stress distribution in unidirectional discontinuous fibres embedded in a metal
matrix, a method based on the shear-lag analysis was proposed. Using this method, the influence
of fibre length, interfacial bonding strength, distance between fibre ends in the longitudinal

direction, and applied strain to composite on both stress distribution and average stress of fibres

was estimated for a number of examples.

1. Introduction

When discontinuous fibres are embedded in metal
matrix composites, the stress in the fibres is built up
through the shear stress at interface 1. Noting the
distance from the fibre end as x, the stress of fibre as
o¢(x), and the diameter of fibres as d, the relation of
o¢(x) to 1 is given by [1]

do(x)/dx = (4/d)t (1)
If 1 is taken as a constant, o¢(x) can be given by
oi(x) = (4/d)tx 2

and critical length [, [1], which is a necessary length
for the fibres to carry the stress equal to their full
strength o, at the centre of the length, is given by

l/d = o/(27) 3)

Equation 3 has been widely used for analysis of
strength of discontinuous fibre-reinforced metal
matrix composites by substituting shear yield stress of
matrix 1,, or shear strength t,, into 7 in the case of
high interfacial bonding strength. However, according
to studies on stress distribution in broken fibres in
originally continuous single-fibre composites with
high interfacial bonding [2, 3], T is not necessarily
constant and the stress distribution depends on the
applied stress (or strain) level, yield stress and strain
hardening rate of the matrix, and the volume fraction
of the fibres. In multi-discontinuous-fibre composites,
the stress distribution will be affected by the above
factors, and also by the distance between the ends of
two fibres. Furthermore, it is expected that if inter-
facial bonding is low, the distribution will be different.
The aim of the present work is to present a calculation
method for the stress distribution in multi-discontinu-
ous fibres embedded in a strain hardenable metal
matrix, by employing a two-dimensional model com-
posite with a simple geometry, and to calculate the
stress distribution for some examples.

2. Calculation method
2.1. Model composite
In the present attempt to calculate stress distribution,
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a two-dimensjonal model composite as shown in
Fig. 1 was employed. In the model, the fibres with
length ! and width d; are assumed to be embedded
regularly in longitudinal rows. The distance between
fibre ends in each longitudinal row is given by 2a in
Fig. 1. The fibre rows are described as “1” and *2”,
which exist alternately such that the centre of length in
the fibres in row 1 exists in the cross-section where the
centre of fibre ends in row 2 exists, as shown in Fig. 1.

As the fibres exist regularly in this model, the region
surrounded by the broken line in Fig. 1 was picked up
and the equations for stress equalibrium were given
for this representative region. The centre of the fibres
in row 2 was taken as x = 0, and the fibre end in row
1 was given as x = a.

From the geometry shown in Fig. 1, the width of
matrix dp, for a < x < /2 was given by

dw = &[I(1 = Vi) = 2aV]/[Vi(l +2a0)]  (4)

where V; is the volume fraction of fibres.

2.2. Approximations

In the present work, shear-lag analysis was employed,
which has been widely used to calculate stress distri-
bution in broken and neighbouring fibres in multi-
continuous fibre composites [4-9]. The following ap-
proximations were made for simplicity.

(i) The composite is composed of tension-carrying
fibres embedded in a shear-carrying matrix, which
plays a role only as the stress-transfer medium. This
approximation is common in shear-lag-analysis
[4-97.

(ii) The stress in the transverse direction is neglect-
ed. This approximation is also common in shear-lag
analysis.

(ii) The shear stress T,-shear strain y curve of the
matrix is composed of an elastic region for y <y,
where v, is the yield strain in shear and that of a plastic
region for y > y, where matrix work-hardens linearly
with respect to strain. Under this approximation, the
Tm 1S given by
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Figure I Geometry of the model employed in the present work.

for y < vy, where G,, is the shear modulus of the
matrix, and

(I — Bty + BGmy (6)

for y > vy, where 1, is the shear yield stress given by
GuY, and P is the slope of the shear stress—strain curve
in the plastic region, normalized with respect to G,,.

Tm =

2.3. Deformation stages

Yielding of the matrix and interfacial debonding can
occur, dependent on the applied strain e. A schematic
representation of the occurrence of these events is
shown in Fig. 2, which represents the region sur-
rounded by the broken line in Fig. 1.

When the applied strain e is low, the matrix deforms
clastically (stage a in Fig. 2a). With increasing applied
strain, the shear stress at interface t increases and the
matrix becomes plastic (b) if 7; > 1, where 1; is the
interfacial bonding strength in shear; or interfacial
debonding arises if 1, > t;(c). With further increasing
strain, the range of plastic deformation(a < x <a + b
and [/2 — b < x < 1/2) in (b), or that of interfacial
debonding (a<x<c and 1/2 —c< x<1/2) in (c)
increases, where b and ¢ are lengths of the region
where matrix behaves plastically and the region where
interfacial debonding occurs, respectively.

For stage b, there are two possible stages after
further straining. If no interfacial debonding occurs,
stage b reaches [/2(d), but if debonding occurs before
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Figure 2 Schematic representation of deformation stages. [, & and [0 shown in the matrix areas refer to the regions where matrix behaves
elastically, matrix behaves plastically and interfacial debonding occurs, respectively.
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stage b reaches [/2, stage e arises. Once stage ¢ has
occurred, the region of debonding grows and stage
c reaches I/2(g). When stage d has occurred, the shear
stress at the interface increases with increasing applied
strain, and a region of debonding arises (f). When
stage e has occurred, the regions of plastic matrix and
interfacial debonding grow and the region of elastic
matrix disappears upon further straining, resulting in
stage f. When stage f has occurred, the region of
debonding grows with increasing strain and the region
of plastic matrix disappears (stage g).

There are seven possible stages as stated above.
Which stage appears is dependent on the volume
fraction of the fibre, elastic properties of both fibres
and matrix, plastic properties of the matrix, interfacial
bonding strength, and fracture strain of composites.
For instance, if the interfacial bonding strength is high
enough to suppress debonding, only stages a, b and
d arise. Furthermore, if the composite fractures before
stage d appear, only stages a and b appear for low and
high applied strains, respectively.

2.4. Equations of stress equilibrium
Here, stage e is taken as an example and equations of
stress equilibrium are presented, as this stage contains
all kinds of regions (elastic matrix, plastic matrix and
interfacial debonding). For simplicity, the regions for
O<x<a a<x<a+c¢ a+c<x<a+b+c,
a+b+c<x<li2—b—c, /2~b—c<x<]I/2
—¢ I2—c<x<1/2 and 12 <x<1/2+ a are
named as regions A to G, respectively.

Noting the displacement of the “1” and “2” fibres as
u, and u,, respectively, the shear stress t is expressed
as

T = (Gu/dw)(us — ;) ()
when the matrix behaves elastically, and it is expressed

as

T =

(1 =Bty + (BGm/dm)(uy — u2) )

when the matrix behaves plastically. When interfacial
debonding has occurred, T is given by

T o= T 9)

where 1; is the frictional shear stress acting at the
interface after debonding. In the range of 0 < x < a
and [/2 < x < 1/2 + a, T is given by

T =0 (10)

as the u, of the “2” fibres surrounding the “1” fibres is
the same.

Noting the Young’s modulus of fibres as E;, the
following equations for stress equilibrium can be given
for regions A to G.

regions A and G:

deEc(d*uy/dx?) = 0 (1

regions B and F:
deEe(d®u,/dx?) = 21 (12)
deEg(d?u,/dx?*) = — 21 (13)
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regions C and E:

deEe(d*u,/dx?) = 2[(1 — Bty + (BGum/dw)(u; — u,)]
(14)

diE(d*uy/dx?) = — 2[(1 — B)r,
— (BGu/din)(uy — u3)] (15)

region D:
dE(d®ui/dx?) = 2[(Gu/dm)uy — u3)]  (16)
diEc(d%uy/dx?) = — 2[(Gm/dm)(s — uz)] (17)

2.5. General solutions
By solving Equations 1l to 17, the solutions for
regions A to G are given by

region A:
uh = A;x+ A, (18)

region B:
ub = tx?/(dE;) + Byx + B, (19)
ub = — 1x?/(diE¢) + Bsx + B, (20)

region C:

u§ = [didEc/(4BG)1(C i cosh{[4BG,,/(did nEr) ] x}
+ Cysinh{[4BGn/(didnEr)1V2x}) + Cax + C4
21
u$ = [(1 = BYdumTy/(BGm)] — [dedmEs/(4BG )] ()
x (C1c0sh {[4BG /(dedmEr) 12}
+ Cy[sinh{[4BGo/(ddmEr) ] 2x})
+ C3x + C,4 (22)

region D:
uf = [didnE;/(4Gn)1(Dy cosh {[4Gy/(ddy Er) ] x}

+ D,sinh{[4G,,/(did,E)]' ?x}) + D3x + D,
(23)

uf = — [didE; /(4G ) (D cosh{[4G n/(didE) ] x}
+ D,sinh{[4G,/(ddnE)]"?x}) + D3x + D,
(24)
region E:
Ui = [didmEc/(4BGm) 1{E  cosh[4BGy/(ddmEr) ] x}
+ E,sinh{[4BG,,/(didnEr)]**x} + Esx + E,
(25)
uy = [(1 = B)dut,/(BGrm)] — [didmEc/(4BG)]
X (Eycosh{[4BGn/(didE¢)]" ?x}
+ E,sinh{[4BG,,/(ddnE)1'*x})

+ E3x + E4 (26)

region F:
ul = tx?/(diE) + Fix + F, (27
ub = — 1 x?/(diEg) + Fax + F, (28)



region G:
u§ = Gix+ G, 29)

The superscripts A to G of u; refer to regions A to G,
respectively.

2.6. Boundary conditions
The boundary conditions to solve the integral con-
stants 4; and G;(i =1 and 2), B;, C;, D;, E; and F;
(i = 1 to 4), and the lengths b and ¢ (total 26 unknown
values) are given as follows.

(1) At any cross-section, the applied load is con-
stant.

duy /dx =
duljdx + duBjdx =
du§Jdx + du§jdx =
du?/dx + dubjdx =
dut/dx + duljdx =
duf jdx + du’jdx =

du®/dx + du/dx (30)
du§/dx + dus/dx (31
du?/dx + du3/dx  (32)
dufjdx + dubjdx  (33)
duf jdx + duljdx  (34)
duf /dx (35)

(2) From the geometry of the present model, the
stress in “1” fibres at x = z (z: arbitrary value less than
1/4 + a/2) is equal to the stress in “2” fibres at
x=12+a~-z

(dufjdx), = (du3/dx)s 10—, (36)
(duf/dx), = (du5/dx)2sa-. (37)
(du?/dx), = (du3/dx)240- (38)

From Equations 30 to 38, the conditions that
(duf /dx), = (du§ /dX)2 +a -
(duf /dx), = (du3 /dx)z 4 -
(duf /dx). = (du3 /dx) 2+ a-

are satisfied automatically.
(3) At any x, the displacement should be continu-
ous.

Wa+c) = ufla+o) (39)
ufla+b+c¢) = ufla+b+o (40)
up(2—b—c) = u3(l2—b—¢) (41)
us(li2 —¢) = ui(l/2—¢) (42)
ui(l/2) = uf(/2) (43)

ui(a) = ui(a) (44)

udla+c) = uSla+c (45)
uSla+b+c¢) = ulla+b+o0 (46)
us(l)2—=b—~c) = us(2—-b—¢) 47)
us(l)2 —¢) = w2 —¢) 48)

(4) At x = 0, the displacement of “2” fibres is zero.
ur(0) = 0 49)

(5) The applied strain, e, is related to
e = uf(2+ a)/(I/2 + a) (50)

(6) At x =a + c and [/2 — ¢, interfacial debonding
occurs.

7= (1 — B)r, + BGulu§(a + ¢) — uS(a + ¢)]/dn
(51)
The condition that
t= (1= B)t, + PGum[ui(l/2 ~ ) — U5 (/2 — )1 /dny

is satisfied automatically from conditions 1 and 2 and
Equation 51.

(7) At x=a+ b+ c and /2 — b — ¢, yielding of
matrix in shear occurs.

1, = Gulufl@a+b+c)—uda+b+c)]/dn
(52)
The condition that
T = Galul/2 — b — ) — w22 — b — &)1 /dun

is satisfied automatically from conditions 1 and 2, and
Equation 52.
(8) At x = a, the stress of “2” is zero.

(du¥/dx), = O (53)

(9) At any x, the stress in fibres should be continu-
ous.

(dui/dx),.c = (du§/dx)gs. (54
(du?/d—x)a+b+c = (dull)/dx)a+b+c (55)

The conditions that the stress in “1” is continuous at
x=12—b—c¢ l/2~¢, and l/2 + a, and that the
stress in “2” is continuous at x =a,a+ ¢, a + b + ¢,
[/2—b —c¢ and 1/2 — ¢, are satisfied automatically
from conditions 1 and 2 and Equations 54 and 55.

In the calculation, e was given step by step, the
unknown values were calculated and then the distri-
bution of stress as a function of x, o, was calculated
from E¢(du,/dx), and the shear stress at interface
T from Equations 7-9. The average stress of fibres, &,
was calculated from

5 = (1/1)}ofd1 (56)
o]

As stated above, the stress distribution can be cal-
culated for stage e. For other stages, it can be cal-
culated in a similar manner.

3. Results and discussion

In the present calculation, the following values were
used: E¢ =400 GPa, G, = 40GPa, 7, = 100 MPa,
1, =20 MPa, B = 0.02, ; = 0.5, d; = 10 um, 7, = 300
and 120 MPa, [ = 250 and 500 pm, 2a = 0 to 400 um
and e = 0 to 2%. ‘

3.1. Variation of interfacial shear stress
at fibre-end as a function of applied
strain to composite
The shear stress was highest at x = a, as will be shown
in 3.2 below. Fig. 3 shows some examples of the
variation of t(a) as a function of applied strain e for
T; = 300 MPa, which was high enough to suppress
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Figure 3 Variations of interfacial shear stress at x = a, t(a) as
a function of strain of composite, ¢, for t; = 300 MPa (solid curves)
and for 1; = 120 MPa (broken curve for (2)) for comparison. [ = (1)
500; (2) 500; (3) 500; (4) 250; (5) 250 pm. 2a = (1) 0; (2) 200; (3) 400;
(4) 0; (5) 200 pm.

interfacial debonding for ¢ < 2%. The values of | and
2a used for the calculation are given in the caption to
Fig. 3. Two distinct features can be read from Fig. 3.

(i) The t(a) increases with increasing e linearly in
the elastic stage of the matrix (stage a), but when
e becomes large and plastic deformation of the matrix
occurs, it increases with increasing e rather slowly.
However, the increasing rate of t(a) with respect to
e in the plastic stage of the matrix becomes high at
high e due to strain-hardening of the matrix.

(i) When 2a is small {(1) and (2)) in Fig. 3, the
increase in t(a) in the plastic stage of matrix is low,
while when 2a is large in comparison with [ ((3) and
(5)), it is high: namely in the case of large 2a/l, the
interfacial shear stress at x = a becomes very high,
especially at high e.

When t(a) exceeds t;, interfacial debonding arises.
Taking the case of 7; = 120 MPa as an example, inter-
facial debonding occurs at D, C, B, E and A for (1) to
(5) in Fig. 3, respectively. Once debonding occurs, the
t(a) becomes equal to t;. As a result, t(a) varies along
OFCGH for (2). As the t(a) reaches T; at small strain
e when 2a/l is large, debonding occurs at small ¢ and
the efficiency of stress transfer to fibres is reduced. This
point will be discussed in detail in 3.3 below.

3.2. Tensile and shear stress distributions as
a function of distance from the fibre end
Tensile stress distribution in fibres o; and shear stress
distribution t at the interface for 1; = 300 MPa were
calculated as shown in Figs 4 and 5, respectively, and
those for t; = 120 MPa in Figs 6 and 7, respectively.
(a) and (b) in Figs 4 to 7 show the cases of 2a = 0 and
200 pm, respectively. When t; = 300 MPa, there oc-
curred no interfacial debonding up to e = 2%, but
when t; was 120 MPa, there occurred debonding for
e>12% for 2a=0 and for e>088% for
2a = 200 pm. In the case of 7, =300 MPa (Figs 4
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Figure 4 Distribution of stress in fibres, o, as a function of distance
from the fibre end, y, at various strain levels, under conditions of
I = 500 pm; 1; = 300 MPa. e = (1) 0.15; (2) 0.50; (3) 1.0; (4) 1.5. 2a =

(a) 0; (b) 200 pm.

@ L @ (b)

(4

100 (3) 1 .
)
/Y
N

i ) M
G !
: ( (f
2
@ /J(Z{’\-=
_100f @—Ltd
) [ 9—
(4)\
0 25;0 5000 2é0 500

y (um)
Figure 5 Distribution of shear stress at interface, 7, as a function of
distance from the fibre end, y, under conditions of ! = 500 um;
7; = 300 MPa and 2a = (a) 0 and (b) 2a 200 um. The curves (1) to (4)
correspond to (1) to (4) in Fig. 4, respectively.
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Figure 6 Distribution of stress in fibres, oy, as a function of distance
from the fibre end, y, at various strain levels, under conditions of (a)
I = 500 um; t; = 120 MPa, and 2a = (a) 0 and (b) 2a 200 pm; [ = (1)
0.15; (2)-0.50; (3) 0.85; (4) 1.0; (5) 1.20.

and 35), e = 0.15, 0.50, 1.0 and 1.5% for 2a = 0, corres-
ponding to the stages a, b, d and d, respectively, and
those for 2a = 200 pm to the stages b, b, d and d,
respectively. In case of 1; = 120 MPa (Figs 6 and 7),



e = 0.15, 0.50, 0.85, 1.00 and 1.2% for 2a = 0, corres-
ponding to the stages a, b, d, d and g, respectively, and
those for 2a = 200 um to the stages b, d, d, g and g,
respectively. The v in Figs 4 to 7 shows the distance
from the end of the fibres.

From the geometry of the present model, the stress
distribution in “1” fibres as a function of y was equal
to that in “2” fibres, and also the stress distribution in
fibres was symmetrical with respect to the centre of
y=1/2. The variation of 7t(y) was equal to
—1t(l/2 — y) due to the geometry of the present
model, and also the t(y) was symmetrical with respect
to y=(1—2a)/4 for 0 < y< /2 —a and also with
respect to y = (3/+ 2a)/4 for /2 +a<y<I. For
12 —a<y<l/2+ a, t was zero, as stated already.
The following features can be seen from Figs 4 to 7.

(1) At any strain, e, the stress o; for 2a = 0 increases
with increasing y, and reaches maximum at
x = {/2(250 um in this example) and then decreases,
while that for 2a = 200 pm increases and reaches max-
imum at y=/[/2— g, remaining constant for
2 —a<y<lf2+a.

(ii) The stress distribution for 2a = 0 is very acute
near the centre of the length, but not for 2a = 200 pm.
The highest stress in fibre at y =1/2 for 2a=0 is
higher than that for 2a = 200 pm. As the breakage of
fibres occurs when the exerted stress exceeds their
‘strength, the fibres for 2a = 0 tend to be broken in
comparison with those for large values of 2a.

(i) When 7, is high (300 MPa), the fibre stress o
except at y = 0 increases with increasing e, whereas
when 1 is low (120 MPa), the o; increases within the
range of low e where interfacial debonding does not
occur, but decreases at high e due to interfacial de-
bonding.

(iv) t, except for the range of I/2 —a < y < 1/2 + a,
increases with increasing e when t; is high (300 MPa),
while it increases but then decreases due to interfacial
debonding, remaining constant (= 1) at high ¢ when
7; is low (120 MPa).

3.3. Average stress of fibres as a function

of applied strain to composites
Figs 8 and 9 show variations of &, as a function of ¢ for
7; = 300 and 120 MPa, respectively. The following
features can be scen from Figs 8 and 9.

(i) In the case of high t;, the &; increases with
increasing e, while for low 1;, it increases within the
range of low e where debonding does not arise, but
then decreases due to interfacial debonding. The de-
bonding, which occurs at first at x = a(y =0),
propagates quickly and the oy is reduced quickly with
increasing e, resulting in a quick loss in the stress-
carrying capacity of the fibres.

(i) The increase in &; for t; = 300 MPa with in-
creasing e is dependent on the values of [, 2a and e. The
influence of I on &; is simple: the larger the /, the higher
the &;. The influence of 2a on &; is complex. Compar-
ing (1) with (2) in Fig. 8, for instance, the &; of (2) is
higher than that of (1) for 0 < e < 0.8% and 1.2% < e,
but not for 0.8% < e < 1.2%.

(iii) In the case of low 7; (120 MPa), debonding
arises at lower e for larger 2a, as the t(a) reaches 1, at

100

1 (MPa}
o

—-100

]
5000 250 500
y {um)

L
0 250

Figure 7 Distribution of shear stress at interface, 1, as a function of
distance from the fibre end, y, under a condition of (a) / = 500 pm;
7; = 120 MPa and 24 = (a) 0 and (b) 200 pm. The curves (1) to (5)
correspond to (1) to (5) in Fig. 6, respectively.
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Figure 8 Variation of average fibre stress, &y, as a function of strain
of composite, e, for various values of / and 2a under a condition of
7; = 300 MPa. | = (1)-(3) 500; (4)—(5) 250 um. 2a = (1) 0; (2) 200; (3)
400; (4) 0; (5) 200 pm.

lower e, as shown in Fig. 3. Thus the larger the 2a, the
earlier the reduction in &; when 1; is low. The max-
imum value of &; increases with increasing ! and with
decreasing 2a.

(iv) Once interfacial debonding has occurred in the
whole range of y, only 1 acts to transfer stress to
fibres. In such a case, the &¢ remains constant, being
independent of e. The &; after debonding decreases
with decreasing [ and increasing 2a.

It should be noted that when ; is high, an appropri-
ate sclection of 2a can produce high composite
strength for the following reasons. Taking the case of
[ = 500 um and e = 1% in Fig. 8 as an example, (i) the
&¢ of (1) and (2) is higher than that of (3), but (ii) the &,
is not so much different between (1) and (2). Too large
2a results in low efficiency of stress-transfer (i), and
high efficiency of stress-transfer to fibres can be
achieved when 2a is not too large (ii). Recalling the
stress distribution in fibres in Fig. 4, the stress near the
centre of the length is acute and very high when
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Figure 9 Variation of average fibre stress, &y, as a function of strain
of composite, e, for various values of [ and 2a, which are the same as
those employed for the caiculation of Fig. 8, under conditions of
T; = 120 MPa. | = (1)-(3) 500; (4)-(5) 250 pm. 2a = (1) 0; (2) 200; (3)
400; (4) 0; (5) 200 pm.

2a = 0, but not when 2a = 200 pm. This indicates that
the breakage of fibres is likely to occur for 2a = 0 in
comparison with that for 2a = 200 um, while the aver-
age fibre stress is not very different. For instance,
taking the strength of fibres to be 4 GPa, the fibres are
broken at e= 1% when 2a =0, but not when
2a = 200 pm. On the other hand, the results for the
low 1; shown in Fig. 9 indicate that the 2a should be
small in order to achieve high composite strength if
the debonding occurs before the stress at y = /2 ex-
ceeds the strength of the fibres.
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4. Conclusions

The tensile stress distribution in fibres and shear-stress
distribution at the interface along the fibre axis, and
the average stress carried by the fibres as a function of
applied strain in discontinuous fibre-reinforced metal
matrix composites, were calculated based on shear-lag
analysis using a two-dimensional model with a simple
geometry. The influences of fibre length, interfacial
bonding strength, distance between fibre ends, and
strain applied to composites, on the stress distribu-
tions and average stress of fibres, were shown from the
results of the calculation.
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